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Research Repor t s  a r e  p u b l i c a t i o n s  r e p o r t i n g  on 
t h e  work of  t h e  a u t h o r .  Any views o r  conclu-  
s i o n s  a r e  those  of  t h e  a u t h o r ,  and do n o t  
n e c e s s a r i l y  r e f l e c t  t h o s e  o f  IIASA. 
A Bayesian Approach t o  Nons t a t i ona ry  P r o c e s s e s  * 
Robert L.  Winkler * *  
I .  I r ~ t  raoduct i o n  
I n  t h e  u s u a l  Bayesian approach t o  problems o f  s t a t i s t i c -  
a l  i n f e r e n c e  and d e c i s i o n  conce rn ing  a  pa rame te r  0 ,  Sayes '  
theorem can  be exp re s sed  i n  t h e  form 
w i t h  t h e  u s u a l  abuse  o f  f u n c t i o n a l  no t a t i o r i .  That i s ,  assum- 
i n g  t h a t  t h e  p r i o r  i n fo rma t ion  about  0 can  be exp re s sed  i n  
t h e  form of  a p r i o r  d i s t r i b u t i o n  f ( 8 )  and t h a t  new informa- 
t i o n  x ( sample  i n f o r m a t i o n )  conce rn ing  8  can  be  summarized by 
t h e  l i k e l i h o o d  f  (x 1 0)  , Bayes l thGorem r e v i s e s  t h e  p r i o r  d i s -  
t r i b u t i o n  on t h e  b a s i s  o f  t h e  new i n f o r m a t i o n .  The r e v i s e d  
d i s t r i b u t i o n  f ( 0 ) x )  i s  c a l l e d  a  p o s t e r i o r  d i s t r i b u t i o n .  T h i s  
p r o v i d e s  a  framework f o r  i n f e r e n c e s  about  8, t h e  u n c e r t a i n  
q u a n t i t y  o r  pa rame te r  of i n t e r e s t ,  and f o r  d e c i s i o n s  which 
a r e  r e l a t e d  t o  0 .  For  d e t a i l e d  d i s c u s s i o n s  of t h e  Bayes ian  
* 
T h i s  paper  w i l l  be pub l i shed  i n  t h e  P roceed ings  o f  
t h e  B e a u l i e u  Seminar on Decis ion  Theory.  
* * 
I n d i a n a  U n i v e r s i t y ,  U.S.A.; r e s e a r c h  s c h o l a r  a t  t h e  
" I n t e r n a t i o n a l  I n s t i t u t e  f o r  Apolied Systems A n a l y s i s .  
approach  t o  s t a t i s t i c a l  i n f e r e n c e  and d e c i s i o n ,  s e e  R a i f f a  
and S c h l a i f e r  [8 ] ,  DeGroot [ 4 ] ,  and LaVal le  [6].  For  a r e -  
l a t i v e l y  non - t echn ica l  d i s c u s s i o n  of  t h e  Bayes ian  approach  
s e e  Winkler  [13]. 
The above model f o r  i n f e r e n c e  i s  a s t a t i o n a r y  model. 
That  is ,  i t  assumes t h a t  9  t a k e s  on a  s i n g l e  v a l u e ,  s o  t h a t  
f  ( 9  ) and f  ( 8  ( x )  r e p r e s e n t  u n c e r t a i n t y  abou t  what t h a t  v a l u e  
i s .  For i n s t a n c e ,  8 may r e p r e s e n t  t h e  p r o p o r t i o n  of  d e f e c t -  
i v e  i t e m s  produced by a  c e r t a i n  manufac tu r ing  p r o c e s s ,  t h e  
p r o p o r t i o n  o f  consumers pu rchas ing  a g i v e n  p r o d u c t ,  t h e  mean 
d a i l y  s a l e s  at  a  g i v e n  s t o r e ,  t h e  r a t e  a t  which c a r s  a r r i v e  
a t  a  t o l l  boo th ,  t h e  v a r i a n c e  i n  t h e  d i a m e t e r  of p a r t s  
produced a t  a  p a r t i c u l a r  p l a n t ,  and s o  on. I n  each  c a s e ,  
9  i s  assumed t o  be  f i x e d  b u t  unknown. I n  t h e  Bayes ian  
framework, i n f o r m a t i o n  conce rn ing  8  i s  e x p r e s s e d  i n  t e rms  o f  
a  p r o b a b i l i t y  d i s t r i b u t i o n .  I n  g e n e r a l ,  t h e  p o s i t i o n  t a k e n  
i n  t h i s  pape r  i s  t h a t  of t h e  s u b j k c t i v e  i n t e r p r e t a t i o n  o f  
p r o b a b i l i t y  ( e . g .  s e e  de F i n e t t i  [3] and Savage [lo] ), s o  
t h a t  f ( 8 )  r e p r e s e n t s  a  q u a n t i f i c a t i o n  o f  t h e  judgements o f  
t h e  s t a t i s t i c i a n  o r  of a n  e x p e r t  c o n s u l t e d  by t h e  s t a t i s t i -  
c i a n  ( e . g .  s e e  Winkler  [12] and Savage [ll] ) .  However, t h i s  
a s sumpt ion  can  be  r e l a x e d  wi thou t  l o s s  o f  g e n e r a l i t y ,  s i n c e  
t h e  mathemat ica l  r e s u l t s  w i l l  n o t  depend on t h e  s o u r c e  of  
t h e  p r i o r  d i s t r i b u t i o n .  
Many, i f  n o t  most,  r e a l  world d a t a - g e n e r a t i n g  p r o c e s s e s  
a r e  c h a r a c t e r i z e d  by n o n s t a t i o n a r i t y  r a t h e r  t h a n  s t a t i o n a r i t y .  
For instance, the probability that an item produced by a 
manufacturing process is defective, and hence the proportion 
of defective items generated by the process, will generally 
vary over time, even over relatively short periods of time. 
This illustrates nonstationarity over time. The probability 
that a consumer will purchase a given product (hence the 
proportion of consumers purchasing the product) may vary 
over time, and in addition, the probability of purchasing 
the product at a given point in time may vary from consumer 
to consumer. This illustrates nonstationarity over time - and 
nonstationarity at a given point in time. The other examples 
given in the preceding paragraph would obviously be more 
realistic if nonstationarity were assumed. 
Despite the presence of nonstationarity in many real- 
world processes, formal Bayesian models involving nonstation- 
arity have received little attention in the statistical lit- 
erature. Exceptions are articles by Bather [1,2]. For ex- 
ample, in Bather [2] , a nonstationary model is used in the 
etudy of control charts and the determination of optimal 
decision rules regarding the control charts. In Zellner [16], 
certain types of nonstationarity are considered within the 
framework of regression models. The objective of this paper 
is.to present a brief preliminary report on an on-going re- 
search program, the aims of which are to develop formal models 
for handling nonstationarity within a Bayesian framework, to 
compare inferences from stationary and nonstationary models, 
and t o  i n v e s t i g a t e  i n f e r e n t i a l  and d e c i s i o n - t h e o r e t i c  a p p l i -  
c a t i o n s  i n v o l v i n g  n o n s t a t  i o n a r i t y  . 
11. The Development o f  Bayesian Models I n c o r p o r a t i n g  
N o n s t a t i o n a r i t y  
I f  t h e  p r o c e s s  g e n e r a t i n g  8  i s  n o n s t a t i o n a r y ,  t h e n  it 
i s  n o t  p a r t i c u l a r l y  r e a l i s t i c  t o  make i n f e r e n c e s  and  d e c i -  
s i o n s  conce rn ing  0 a s  i f  8  on ly  took  on a s i n g l e  v a l u e .  In- 
s t e a d ,  one should  be  concerned w i t h  a sequence 80,81,82,... ,bi,.. .  
of v a l u e s  of  0 co r r e spond ing  t o  d i f f e r e n t  e l emen t s  o f  t h e  
p r o c e s s ,  o r  members o f  t h e  p o p u l a t i o n  of  concern .  I f  t h e  
conce rn  i s  wi th  a p a r t i c u l a r  s t o c h a s t i c  p r o c e s s  o v e r  t i m e ,  
t h e  s u b s c r i p t s  r e p r e s e n t  d i f f e r e n t  p o i n t s  i n  t i m e ;  f o r  i n -  
s t a n c e ,  B i  may b e  t h e  v a l u e  o f  8  d u r i n g  t i m e  p e r i o d  i ( e . g .  
t h e  p r o b a b i l i t y  t h a t  a g iven  consumer w i l l  purchase  a prod-  
u c t  d u r i n g  t i m e  p e r i o d  i ) .  If t h e  conce rn  i s  w i t h  d i f f e r e n t  
e l e m e n t s  a t  a p a r t i c u l a r  p o i n t  irt- t i m e ,  t h e  s u b s c r i p t s  re- 
p r e s e n t  t h e  e l emen t s ;  f o r  i n s t a n c e ,  Bi may be t h e  v a l u e  o f  
tl f o r  e lement  i ( e . g .  t h e  p r o b a b i l i t y  t h a t  consumer i w i l l  
p u r c h a s e  a p roduc t  a t  a p a r t i c u l a r  p o i n t  i n  t i m e ) .  
The u s u a l  s t a t i o n a r y  model f o r  i n f e r e n c e '  and d e c i s i o n  
assumes t h a t . e i  = 
' j f o r  a l l  i and  j ,  s o  t h a t  t h e  common 
v a l u e  can  be  t r e a t e d  as a s i n g l e  parameter .  Another  p o s s i -  
b i l i t y  i s  t h a t  ei  and 0 a r e  r e l a t e d  i n  a d e t e r m i n i s t i c  j 
manner. But i f  t h e  d e t e r m i n i s t i c  r e l a t i o n s h i p  between gi 
and  8  i s  a one-to-one r e l a t i o n s h i p  f o r  a l l  i and j, t h e n  j 
e i  can  be  r e l a t e d  t o  a s i n g l e  parameter  8 f o r  e a c h  i and t h e  
problem i s  once a g a i n  reduced t o  one conce rn ing  a s i n g l e  
pa rame te r ,  a l t hough  i n f e r e n c e  conce rn ing  t h e  s . ingle  param- 
e t e r  may be a  more d i f f i c u l t  problem t h a n  i n  t h e  c a s e  i n  
which €Ii = 8 .  f o r  a l l  i and j .  I n  any e v e n t ,  t h e  $ i t u a t i o n  J 
i n  which O i  and 8 a r e  r e l a t e d  i n  a  d e t e r m i n i s t i c  manner i s  j 
not  cons ide red  i n  t h i s  paper .  
Two t y p e s  of n o n s t a t i o n a r y  models w i l l  be c o n s i d e r e d  
h e r e  : 
1. Models i n  which O i  and 8  a r e  r e l a t e d  i n  a  j 
s t o c & s t  i c  manner, and 
2 .  Models i n  which O i  and 8  a r e  independent  j 
and i d e n t i c a l l y  d i s t r i b u t e d ,  c o n d i t i o n a l  
up0.n some "second-order" p a r a m e t e r ( s ) .  
The f i r s t  t y p e  of model is l i k e l y  t o  be  a p p l i c a b l e  when 
n o n - s t a t i o n a r i t y  over  t ime i s  p r e s e n t ,  and t h e  second t y p e  
of  model, wh i l e  a l s o  a p p l i c a b l e  f o r  n o n s t a t i o n a r i t y  over  
t ime ,  a p p e a r s  t o  be much more s u i t a b l e  t h a n  t h e  f i r s t  t y p e  
of  model h a n d l i n g  n o n s t a t i o n a r i t y  a t  a  g i v e n  p o i n t  i n  t ime .  
If e i  and a r e  r e l a t e d  i n  a  s t o c h a s t i c  manner, a  j 
fo rma l  t r e a t m e n t  of  t h e  s i t u a t i o n  n e c e s s i t a t e s  some assump- 
t i o n s  about  t h e  s t o c h a s t i c  r e l a t i o n s h i p .  I n  many c a s e s ,  t h e  
s p e c i f i c a t i o n  of t h e  s t o c h a s t i c  r e l a t i o n s h i p  between succes -  
s i v e  v a l u e s  of  0  i s  s u f f i c i e n t ;  i f  - t h i s  r e l a t i o n s h i p  i s  
s t a t i o n a r y  ( t h i s  i s  a  t y p e  of second-order  s t a t i o n a r i t y ) ,  
t h e  s t o c h a s t i c ~ r e l a t i o n s h i p  between d i  and O i + l  i s  t h e  same 
a s  t h a t  between and e j+ l  f ~ r  any i and j. I f  t h e  r e l a -  
t i o n s h i p  between ei and O i + l  can  be summarized by a  param- 
e t e r  ( o r  v e c t o r  o f  pa rame te r s )  @, t h e n  i n f o r m a t i o n  concern-  
i n g  @ i s  u s e f u l  i n  making i n f e r e n c e s  c o n c e r n i n g  ei .  For  ex-  
ample, a  p roduc t ion  p r o c e s s  may be n o n s t a t i o n a r y  i n  t h e  s e n s e  
t h a t  t h e  mean weight  o f  t h e  o u t p u t  o f  t h e  p r o c e s s  may change 
o v e r  t i m e  a l t h o u g h  t h e  v a r i a n c e  o f  weight  is r e l a t i v e l y  con- 
s t a n t .  Moreover, s h i f t s  i n  t h e  mean from one t i m e  p e r i o d  t o  
t h e  n e x t  may behave a c c o r d i n g  t o  a  random w a l k ;  t h a t  i s ,  
'i+l = e i + E :  i where t h e  ci are independent  and i d e n t i c a l l y  
d i s t r i b u t e d .  If ci i s  normal ly  d i s t r i b u t e d  w i t h  mean m and 
v a r i a n c e  v,  t h e n  t h e  pa rame te r s  m and v  summarize t h e  s t o -  
c h a s t i c  r e l a t i o n s h i p  between ei and O i + l .  I n  t h e  n o t a t i o n  
i n t r o d u c e d  e a r l i e r  i n  t h i s  pa rag raph ,  @ = (m,v). Bathe r  [:L] 
i n v e s t i g a t e s  t h i s  p a r t i c u l a r  example w i t h  m = 0 and known 
v  > 0. 
If @ i s  kndwn, t h e  Bayes ian  approach  t o  t h e  problem i s  
s t r a i g h t f o r w a r d .  A t  t h e  beg inn ink  o f  t i m e  p e r i o d  i, t h e  i n -  
f o r m a t i o n  about  ei can be  e x p r e s s e d  i n  t h e  form of a p r o b a b i l -  
i t y  d i s t r i b u t i o n  f ( e i ) .  During p e r i o d  i, e i  i s  n o t  observed ,  
b u t  some sample i n f o r m a t i o n  xi i s  obse rved ,  and xi can be 
used t o  upda t e  t h e  d i s t r i b u t i o n  o f  ei  i n  t h e  u s u a l  manner: 
T h i s  i s  i d e n t i c a l  t o  t h e  p rocedure  t h a t  i s  used  i n  t h e  s t a -  
t i o n a r y  c a s e .  The r e v i s e d  d i s t r i b u t i o n  o f  ei can ,  i n  t u r n ,  
be  used  t o  de te rmine  f ( 8 i + l ) ,  t h e  d i s t r i b u t i o n  o f  8  i+l a t  
t h e  beg inn ing  of  t ime  p e r i o d  i+l: 
f ( e i + l )  = I f ( e i + l ~ e i , $ )  f ( e i l x i )  doi . 
Thus, a t  t h e  end of  a  p e r i o d ,  i t  is n e c e s s a r y  t o  t a k e  i n t o  
, account  t h e  sample i n f o r m a t i o n  a c q u i r e d  d u r i n g  t h a t  p e r i o d  
and t h e  r e l a t i o n s h i p  between t h e  v a l u e  o f  0 d u r i n g  t h a t  
p e r i o d  and t h e  va lue  o f  0 d u r i n g  t h e  nex t  p e r i o d .  
If $ %s n o t  known, r e v i s i o n s  i n v o l v e  €Ii and $: 
The r e s u l t i n g  d i s t r i b u t i o n  o f  O i + l  and $ i s  
T h i s  s i t u a t i o n  i s  c o n c e p t u a l l y  no t  d i f f e r e n t  from t h e  c a s e  
i n  which $ i s  known, bu t  i t  may be  c o n s i d e r a b l y  more d i f f i -  
c u l t  t o  hand le  i n  p r a c t i c e  because  i t  i n v o l v e s  a  j o i n t  d i s -  
t r i b u t i o n  of  €Ii and $ a t  each  t ime p e r i o d  i. 
The s i t u a t i o n  i n  which B i  and 8  a r e  r e l a t e d  i n  a  s t o -  j 
c h a s t i c  manner can  be  i n v e s t i g a t e d  under  v a r i o u s  assumpt ions  
c o n c e r n i n g  t h e  r e l a t i o n s h i p .  For  i n s t a n c e ,  i n  Winkler and 
Bar ry  [15],  t h e  s i t u a t i o n  i n  which s h i f t s  i n  t h e  mean o f  a  
p r o c e s s  behave a c c o r d i n g  t o  a  random walk i s  g e n e r a l i z e d  t o  
the multivariate case, where ei represents a vector of means, 
m represents a vector, and v represents a coyariance matrix. 
Further generalizations might include the relaxation of the 
assumption that the variance of the process is stationary, 
so that Oi = (pi,ui) in the univariate case, or the relaxa- 
tion of the assumption that shifts occur at regular inter- 
vals (e.g. the occurrence of shifts may behave like a Poisson 
process). Another option is to assume that Oi+l depends on 
ei-1 (other than simply through ei) as well as on Bi. 
The other type of nonstationary model to be discussed 
here requires the assumption that 80,01y...,8i,... are in- 
dependent and identically distributed, conditional upon some 
second-order paraameters. Because of this assumption, the 
problem is reduced to one of making inferences about the dis- 
tribution of Bi, which might be called the "distribution of 
nonstationarity." For instance, if Bi is the probability 
that consumer i will purchase a given product, the distribu- 
tion of nonstationarity might represent the distribution of 
different values of 8 across the population of consumers. 
If ei is the mean for day i of'a stochastic process gener- 
ating sales at a given store, the distribution of nonstation- 
arity might represent the different values of 8 over time 
(it might be assumed that the distribution of stationarity 
remains the same over time, thus avoiding the problem of 
second-order nonstationarity). 
In many applications, it would be convenient to assume 
a particular model for the distribution of nonetationarity. 
If ei is the probability that consumer i will purchase a 
given product, then a convenient and reasonable model is the 
beta model, in which case the distribution of nonstationari- 
ty is a beta distribution with parameters a and 0 .  (Note 
that if a and 0 are small enough, the distribution is U- 
shaped, which might seem reasonable in some cases). If ei 
is the mean for day i of the process generating sales at a 
given store, then a normal model might be applicable, in 
which case the distr?ibuFion of nonstationarity is a normal 
2 distribution with parameters p and a . 111 general, the dis- 
tribution of nonstati~narity will have a parameter (or a 
vector of parameters) which will be denoted by $, so that 
the distribution of nonstationarity can be written in the 
form f(~~l$) for all i. 
The easiest situation to hapdle is that in which t$ is 
known. Indeed, this may be compared to the usual Bayesian 
approach, in which the prior diptribution is, for example, 
a beta distribution with fixed a and B .  It should be empha- 
sized, however, that the interpretation of the distribution 
is different and that since the process is nonstationary, 
the usual application of Bayes' theorem is meaningless un- 
less the-process is assumed to be stationary over short time 
periods. If we - know that 8 is nonstatiosary and we know the 
exact nature of $he nonstationarity (i.e, since we know I$, 
we know the exac$ distribution of nonstationarity), then there 
is essentially no uncertainty involving the distribution of 
ei .  There - i s u n c e r t a i n t y  abou t  f u t u r e  sample outcomes, how- 
e v e r ,  and t h i s  u n c e r t a i n t y  at  t i m e  i can  be  exp re s sed  i n  t h e  
form o f  a p r e d i c t i v e  d i s t r i b u t i o n :  
P r e d i c t i v e  d i s t r i b u t i o n s  such  a s  t h e s e ,  a l t h o u g h  they  a r e  
o f t e n  i g n o r e d ,  a r e  o f  g r e a t  impor tance  s i n c e  impor t an t  de- 
c i s i o n s  may depend on a f u t u r e  sample outcome x  r a t h e r  t h a n  
on a  parameter  Bi ( s e e  Robe r t s  [g ] ) .  For  i n s t a n c e ,  d e c i s i o n s  
conce rn ing  a  new p roduc t  depend on x,  t h e  a c t u a l  f u t u r e  pur-  
chase  b e h a v i o r ,  n o t  on B i ,  t h e  p r o b a b i l i t y  t h a t  consumer i 
p u r c h a s e s  t h e  p roduc t .  The pa rame te r  B i  i s  on ly  r e l e v a n t  i n -  
d i r e c t l y ,  i n  t h e  s e n s e  t h a t  t h e  p r e d i c t i v e  d i s t r i b u t i o n  f ( x )  
depends on t h e  d i s t r i b u t i o n  o f  € I i ,  f ( € I i l $ ) ,  and on f ( x l € I i ) .  
A more d i f f i c u l t ,  b u t  more r e a l i s t i c ,  s i t u a t i o n  o c c u r s  
when 4  i s  - not  known ( i . e .  t h e  e x a d t  d i s t r i b u t i o n  of nons ta -  
t i o n a r i t y  i s  no t  known). The r e c e n t  work by Ferguson [5] 
conce rn ing  a  Bayes ian  approach  t o  nonpa rame t r i c  problems i s  
i n  t h i s  s p i r i t .  Empi r i ca l  Bayes methods ( e . g .  Mar i t z  [7] as- 
sume t h a t  $ i s  n o t  known b u t  a t t e m p t  t o  de t e rmine  a  p o i n t  
e s t i m a t e  o f  @ i n s t e a d  o f  a  p r o b a b i l i t y  d i s t r i b u t i o n  f o r  $. 
I n  t h e  Bayes ian  approach t a k e n  i n  t h i s  p a p e r ,  u n c e r t a i n t y  
abou t  4  can be f o r m a l l y  exp re s sed  i n  t e rms  o f  a  p r o b a b i l i t y  
d i s t r i b u t i o n  f ( 4 ) ,  which might be  c a l l e d  t h e  p r i o r  d i s t r i b u -  
t i o n  o f  c$. New sample i n f o r m a t i o n  x  can  now be used t o  r e -  
vise the distribution of 4, yielding a posterior distribution 
f(@(x), using Bayes' theorem: 
The "likelihood" in this application of Bayes' theorem 
is f(xl@), which is ihe predictive distribution in the sta- 
tionary Bayesian model (recall that in the stationary model, 
4 is known and the uncertainty concerns 0 ) .  This "likeli- 
hood" is related to the usual likelihood f(xlei) and to the 
distribution of nonstationarity f(eil$) as 
I 
The final distribution of interest in the nonst'ationary model 
is the new "predictive" distribution, which incorporates the I 
uncertainty about 4 (the predictibe distribution in the sta- I 
tionary mode'l assumes O is known): I 
and identically distributed can be investigated under vari- 
. . . . 
ous assumptions concerning the distribution of nonstationarity, 
f(eil$), and concerning f($). For instance, suppose that Bi 
represents the mean of a normal data-generating process with 
known variance a2,  that the distribution of nonstationarity 
is a normal distribution with unknown mean m and known vari- 
ance v, and that the prior distribution of @ = m is a normal 
distribution. Then it can be shown that the posterior dis- 
tribution of 4 = m following samples from one or more of the 
"populations" (values of i) is also a normal distribution. 
In the same situation, if the distribution of nonstationarity 
is a normal distribution with known mean m and unknown vari- 
ance v and if the prior distribution of @ = v is a translated- 
inverted-gamma distribution, then the posterior distribution 
of $ = v is also a translated-inverted-gamma distribution. 
The application of Bayes' theorem under various distribution- 
al assumptions such as these is now being studied. 
The two types of models presented in this section are 
quite general and should be able,~at least conceptually, to 
handle a great variety of situations for which nonstationarity 
is present. These nonstationary models are currently being 
developed in greater detail, and questions such as tractabi- 
lity and applicability are being investigated'. 
111. Work in Progress 
The models discussed in this paper allow the Bayesian 
to formally introduce nonstationarity. Since stationarity 
assumptions are often quite unrealistic, the introduction of 
p o s s i b l e  n o n s t a t i o n a r i t y  g r e a t l y  i n c r e a s e s  t h e  r e a l i s m  and 
t h e  a p p l i c a b i l i t y  of Bayesian p rocedures .  The o b j e c t i v e  of  
t h e  work i n  p r o g r e s s  a long  t h e s e  l i n e s  i s  t o  develop and i n -  
v e s t i g a t e  n o n s t a t i o n a r y  Bayesian models, and t h i s  r e s e a r c h  
i n v o l v e s  s e v e r a l  f a c e t s ,  some of which a r e  b r i e f l y  d i s c u s s e d  
i n  t h e  fo l lowing  paragraphs .  
A.  T r a c t a b i l i t y  
I n  t h e  c a s e  where e i  and 8  a r e  s t o c h a s t i c a l l y  r e -  j 
l a t e d ,  t h e  cho ice  of a model t o  r e p r e s e n t  t h e  s t o c h a s t i c  r e -  
l a t i o n s h i p  has  a d i r e c t  b e a r i n g  on how easy  i t  is t o  make 
v a r i o u s  i n f e r e n t i a l  s t a t e m e n t s  and d e c i s i o n s  concern ing  t h e  
p rocess  of i n t e r e s t .  Once c e r t a i n  models a r e  assumed f o r  
f ( B i )  and f ( x i ( e i ) ,  t h e  d e t e r m i n a t i o n  of f ( e i ) x i )  proceeds  
a long  s t a n d a r d  l i n e s ,  b u t  y e t  a n o t h e r  d i s t r i b u t i o n ,  f ( ~ ~ , ~ ) 8 ~ , q ~ ) ,  
i s  needed t o  d e r i v e  f ( ~ ~ + ~ ) .  Corresponding t o  f ( B i l x i ) ,  it 
may be p o s s i b l e  t o  f i n d  a  f ami ly  OT d i s t r i b u t i o n s  f (e i t l (BiS$)  
t h a t  i s  t r a c t a b l e  i n  t h e  sense  t h a t  f (Bi+l )  i s  no t  d i f f i c u l t  
. t o  de termine  a n a l y t i c a l l y  i f  f(Bitl(Bi,qJ) i s  a  member of  t h e  
g iven  f a m i l y .  For  i n s t a n c e ,  t h e  example i n v o l v i n g  a  random 
walk mentioned i n  S e c t i o n  2 y i e l d s  a  t r a c t a b l e  s o l u t i o n .  
S i m i l a r l y ,  i n  t h e  c a s e  where B O , ~ l , . . . , ~ i s . . .  a r e  independent  
and i d e n t i c a l l y  d i s t r i b u t e d ,  it  may be p o s s i b l e  t o  f i n d  
f a m i l i e s  of  d i s t r i b u t i o n s  f ( 4 )  t h a t  s i m p l i f y  t h e  a n a l y s i s  
somewhat if c e r t a i n  s t a t i s t i c a l  models a r e  assumed f o r  f ( e i l $ )  
and f ( x ) B i ) ,  a s  i n  t h e  s t a n d a r d  Bayesian approach t o  s t a t i o n -  
ary processes. This approach is analogous to the develop- 
ment of natural-conjugate families of distributions for 0 
in the stationary case (see Raiffa and Schlaifer [8] ) ,  but 
it may be more complex because interrelationships among sev- 
eral distributions are involved. In addition to the investi- 
gation of the possibility of tractable families, the use of 
numerical methods will also be considered. In situations 
where it is difficult or impossible to find tractable fami- 
lies or in situations where such families are not rich enough 
to provide realistic approximations, numerical methods should 
prove useful . 
B. Comparisons of Inferences from Stationary and 
Nonstationary Models 
Such comparisons might indicate situations in which 
the nature of the nonstationarity is such that its formal in- 
clusion in the model has little effect on the ultimate infer- 
ences which are drawn. In some cases it might be especially 
'valuable to introduce nonstationarity formally, whereas in 
other situations it may contribute very little. By consider- 
ing various situations, it may be possible to draw some con- 
clusions regarding the conditions under which nonstationary 
models are particularly valuable. 
C. Applicability 
To investigate the applicability of nonstationary 
models, various specific applications will be studied. These 
might be  drawn from a r e a s  such  as f i n a n c e  ( i t  might be  as- 
sumed t h a t  t h e  mean d a i l y  change i n  t h e  p r i c e  of a  s e c u r i t y  
i s  n o n s t a t i o n a r y  ( s e e  Winkler  [14] and Winkler  and Bar ry  [15] ) , 
marke t ing  ( s imp le  B e r n o u l l i  and Markov models might be  a d a p t -  
e d  t o  t h e  n o n s t a t i o n a r i t y  c a s e  t o  s t u d y  pu rchase  b e h a v i o r ) ,  
and p r o d u c t i o n  (manufac tu r ing  p r o c e s s e s  might be  c o n s i d e r e d  
t o  be  n o n s t a t i o n a r y  w i t h  r e s p e c t  t o  some pa rame te r s  o f  i n t e r -  
e s t - - s e e  Ba the r  [I .]) .  Some work conce rn ing  n o n s t a t i o n a r y  
Bayes ian  models f o r  f o r e c a s t i n g  f u t u r e  s e c u r i t y  p r i c e s  i s  
c u r r e n t l y  b e i n g  conducted .  
I m p l i c a t i o n s  f o r  Dec i s ion  Theory 
Of ten  d e c i s i o n s  must be  made i n  t h e  f a c e  o f  non- 
s t a t i o n a r i t y ,  and i t  shou ld  be  u s e f u l  t o  i n v e s t i g a t e  t h e  e f -  
f e c t  o f  t h e  f o r m a l  r e p r e s e n t a t i o n  of n o n s t a t i o n a r i t y  on t h e  
r e s u l t i n g  d e c i s i o n s .  For  i n s t a n c e ,  w i t h  r e g a r d  t o  t h e  non- 
s t a t i o n a r y  model f o r  f o r e c a s t i n g  f u t u r e  s e c u r i t y  p r i c e s ,  
i m p l i c a t i o n s  f o r  t h e  s e l e c t i o n  of a n  op t ima l  p o r t f o l i o  of  
. s e c u r i t i e s  a r e  of  i n t e r e s t .  The s t u d y  o f  such  i m p l i c a t i o n s  
i n v o l v e s  dynamic programming w i t h  r e v i s i o n  of  p r o b a b i l i t y  
d i s t r i b u t i o n s  under  a  n o n s t a t i o n a r y  model. With r e g a r d  t o  
n o n s t a t i o n a r y  models of pu rchase  b e h a v i o r ,  i m p l i c a t i o n s  f o r  
marke t ing  d e c i s i o n s  a r e  of i n t e r e s t .  I n  a more g e n e r a l  frame- 
work, t h e  e f f e c t  of n o n s t a t i o n a r i t y  on t h e  s o l u t i o n s  t o  c e r -  
t a i n  " s t anda rd"  d e c i s i o n  making problems ( e . g .  f i n i t e - a c t i o n  
problems w i t h  l i n e a r  payoff  f u n c t i o n s )  shou ld  be of  i n t e r e s t .  
In summary, a formal Bayesian approach to nonstation- 
arity may have important implications for statistical infer- 
ence and decision. The ongoing research program described 
in this paper is intended to study Bayesian models for non- 
stationary processes and to investigate some inferential and 
decision-theoretic implications of these models. 
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